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ON THE INVARIANTS OF QUADRATIC DIFFERENTIAL FORMS* 



BY 



CHARLES NELSON HASKINS 



In the following paper I propose to investigate, by means of Lie's theory of 
continuous groups, the problem of determining the number of invariants of the 
general quadratic differential form in n variables. 

§ 1. Introduction. 
The n-ary quadratic differential forms 

» i 
(1) <^ = Z Z ««(«!■• • «„) ^Xi<i^U («« = «") ' 

the invariants of which are to be considered, will be subjected to the restriction 
that their discriminants, the determinants 

(2) a=|a„...aj, 

shall not vanish identically. The coefficients a^, together with their partial 
derivatives of all orders, will be continuous functions of the n independent 
variables Xj • ■ • a;,^ . 

These forms will be subjected to the infinite group of all point transforma- 
tions in the variables aij • • a;^, which are generated by the infinitesimal trans- 
formation 

(8) x/.|;f>....».)V. 

The quantities f ^ , with their partial derivatives of all orders, will be supposed 
to be continuous functions of the n independent variables x, ■ • • x^^ but, except 
for this restriction, wholly arbitrary. This infinite group of transformations 
includes all point transformations in the neighborhood of the Identical trans- 
formation 

a;;=x. (i=l,2,--,n). 



* Presented to the Society at the Ithaca meeting, Angnst 30, 1901. Beoeived for publication 
June 17, 1901. 
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72 C. N. HASKINS: ON THE INVARIANTS OF [January 

Under a transformation 

(4) x[=^x[{x,---xj (t=l, 2, ••-,«), 

the form <^ becomes 

(6) <^' = Z E ^i* ('^i • • • <) <^*i <^< («« ^ «'«) . 

where 

(6) ««=i:i:«..^^ {i,k=i,2,...,n). 

An invariant of the form </> under the above group is a function f of the 
variables x, of the coefficients a^^ and of their derivatives of various orders, 
taken with respect to the variables x, such that, whether it be constructed from 
the original variables x and the coefficients and derivatives from the original 
form (^, or from the variables x' and the coefficients and derivatives from the 
transformed form <f>', its value is the same whatever transformation of the group 
is employed. (It will appear in the course of the work that the variables x can- 
not enter explicitly.) 

The order of an invariant is the order of the highest derivative appearing 
in it. 

The problem of the present paper is that of the determination of the num- 
ber of invariants of each order /x for the general form in n variables. 

It will be shown that such a form has 

(n-2)(n-l)n(n-i-S) 
U) <2= [2 

invariants of order two, and 

IX, -1 (n + fi-iy. 



(8) ^n, = n' 



2 (n-2)! (^-f 1)! 



invariants of order /t > 2 , provided ra = 3 . The latter formula holds also 
when /it > 3 , if n = 2. 

The cases /* = , /u. = 1 have been treated by Ricci,* who showed that no 
invariants of these orders exist. 

The case ra = 2 has been fully studied by ZoEAWSKi,-j- who showed that there 
is in this case one invariant of order two, one of order three, and /i — 1 of 
order /x > 3 . 

Levi-CivitaJ has found a lower limit for the number of invariants of a 
given order for the general form. He expressly states, § however, that he does 



*Rlccr, Annali di Matematioa, ser. 2, vol. 14 (1886), pp. 4-5. 

tZoEAWSKi, Acta Mathematica, vol. 16 (1892), p. 41. 

t Lbvi-Civita, Reale Istituto Veneto, Atti, ser. 7, vol. 5^ (1894), pp. 1468, 1507. 

§ Ibid., p. 1507. 
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not determine the exact number. It is to this determination that the present 
paper is devoted. 

ZoRAWSKi and Levi-Civita have used in their work the methods of Lie. 
By these methods the invariants of the form are all to be found as solutions of 
complete systems of homogeneous linear partial differential equations of the first 
order. Hence the number of independent invariants is equal to the number of 
independent solutions of the complete systems, and this, in turn, is equal to the 
excess of the number of variables in the equations over the number of indepen- 
dent equations. Hence the entire determination of the number of independent 
invariants of the form reduces to the determination of the number of indepen- 
dent equations in the complete system which the invariants must satisfy. It is 
precisely this determination which is omitted from the work of Levi-Civita. 

The direct method of finding the number of these independent equations is 
the computation of determinants from the matrix of the system. The great 
number of the equations and their somewhat complicated form renders this 
method, however, impracticable. Hence it is necessary to have recourse to a 
special method particularly adapted to the type of equations under consideration. 
This method is, in outline, the following. By means of a simple lemma the 
problem is reduced to the determination of the independence of the equations 
of two different sets. Each of these determinations can be carried on by 
methods of mathematical induction. By suitable changes of the variables and 
by the use of certain particular forms ^ the work is materially simplified. 

§ 2. Differential equations of the problem. 

In order to determine by Lie's methods the invariants of order fx, we must 
first " extend " the group Xf to the coefficients a.^ of the form and to their de- 
rivatives of order fi and lower.* To do this we note that, under the extended 
transformation, ^ does not change its value, and consequently, if we denote by 
X^fthQ transformation .35^ extended to the coefficients a^j., we have 

(1) x„<i>^||:{x«,-f|:(«,,||-fa4|)}^^.^=«.-o, 

the identity having reference to the n differentials dx^ ■,■•■■, dx^ . 
Hence we havef 

(2) ^«.+|:(a.g:+«4|;)=«- 

*Cf. Lie, Matheraatische Annalen, vol. 24 (1884), p. 575. Zoeawski, Acta Mathe- 
matioa, vol. 16 (1892), p. 9. 

tCf. Killing, Crelle's Journal, vol. 109 (1891), p. 121. 
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From this the extension to the derivatives is obtained by successive applications 
of the formula 

V ^/i • • • ^iJ^'^i J ^^u« I V ^ii • • • ^u / J 

(3) 

We shall use the following notations : 

"'ih — ^v .. .^ ' •* = -^ "ft ' 

and shall say that each of these quantities is of order li , For convenient use 
in the text, however, the notation (4) will sometimes be replaced respectively by 
the notations : 

These notations differ somewhat from -those used by Lie and Zobawski. They 
are, however, essentially the same as those of Levi-Civita and have the advantage 
that they make obvious certain relations which hold when for the derivatives of 
the coe£Scients a.^ are substituted the well-known symbols of Chbistoffel. 

The invariants of order n or lower are all solutions of the linear partial dif- 
ferential equations obtained by equating to zero the coefficients of the quantities 
f and their derivatives in the expression 

(6) 

+ S Z S Z • • • Z «-iu Pile- 

i=l *=1 h=l h-l 1^=1 h-'l,,. h--l,L 

These equations form a complete system, f The coefficients of the quantities f 
give 

^ ' dx, dx., dx 

That is, the invariants cannot contain the variables x explicitly. 



* Lie-Engel, Theorie der Trarmfoi'mationsgruppen, vol. 1, p. 545. 
fLiE, Mathematische Annalen, vol. 24 (1884), p. 566. 
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It is easily seen that the system remains complete after these equations are 
stricken out. We have, therefore, to discuss the complete system obtained by 
equating to zero the coefficients of the f's and of their derivatives in the expres- 
sion 

n i n i n 

-^m/= S E f^ikPik + X) X) Z <^ikPik + • • • 

(7) 

» i . n l\ lft,_i 

+ Z S Z Z • • • Z «ii Piu • 

i=l *=1 ?i=l «2=1 tii=l li--l^ li--lii 

We shall caU the equations of this system ' the equations of order /t .' 
We find 

(8) «.=-i:(«,.?, + «*.i), 

(9) '^<.= -i{ («..i + «*.f, + %f.) + K^r + <^.Jr)\ > 

li r=l l\ h k hi r li / \ kh ih/ ) 

n 

(10) a,, = - E I («.> ?. + «*r t + «.* ?, + «.* I.) 

etc. 

The formulae giving the values of the o's of higher orders are important only 
so far as the terms containing the highest derivatives of the f 's are concerned. 
These are easily seen to be, for a^.|j...j^, 

(11) -t(a,r t +«... t )• 

The above expressions for X^ f and the a's make evident that peculiarity of the 
equations determining the invariant which renders possible the use of the special 
method of the present paper in determining their independence. For it is easily 
seen that, since the a's of order /«. + 1 contain derivatives of the |'s of all orders 
l,2,--,/n + 2, while the o's of order /tt contain derivatives of the |'s of orders 
1,2, • • ■, |t + 1 only, the equations of order /* + 1 may be obtained by annex- 
ing certain terms to the equations of order /it, and by adding certain equations 
to the system. The annexed terms and the added equations come from the ex- 
pression 

(12) ^.+i/-x,/^5:2:zE--r z «.. Pv. ' 

i=sX k—\ ii=l ^2=1 ift=:l i;*+i=l l\-"ltk.l^Y\^ h'-^lulfl^l 
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and hence contain no ^'s of order less than /m + 1, i. e., they contain none of 
the jo's which appear in the equations of order fi or lower. 

The added equations we shall call th.e_final equations of order fi. 

The equations of order fi which are obtained by annexing terms to the equa- 
tions of order zero we call the primary equations of order fi . The remaining 
equations of order /jl we call the secondary equations of that order. 

§ 3. Decomposition of the problem. 

The form of the equations under discussion permits us to decompose the prob- 
lem of determining their independence into two auxiliary problems. The possi- 
bility of this decomposition is a consequence of the following 

Lemma. — ^ all the equations of order ft — 1 are independent, and if the 
final equations of order fi are all independent, then all the equations of order 
fi are independent. 

For suppose there are M equations of order fi — 1 and iV' final equations of 
order /x . Then there are M -{■ N equations of order n . At least one deter- 
minant, A,, of order M, formed from the matrix of the equations of order 
/Li — 1 , does not vanish ; and at least one determinant, A^ , of order N , formed 
from the matrix of the final equations of order /i does not vanish. Form now 
that determinant, A^, of order Jf + N, the first M columns of which contain 
in their first M rows the elements of Aj , and the last N columns of which con- 
tain in their last N rows the elements of A^ . Then, since the final equations of 
order n contain no p\ of order lower than fx , the elements in the first M columns 
and last N rows of A^ are all zero. Hence 

(1) A3 = A,A, + 0, 

and consequently, since at least one determinant of order Jf -f JV" formed from 
the matrix of the equations of order /* -f- 1 does not vanish, these equations are 
all independent. 

This theorem was used by Zokawski* for the simple case of the binary 
forms. It allows us to resolve the problenj under discussion into two parts, viz.: 

I. The determination of the independence of the final equations of general 
order //. . 

II. T'he determination of the existence of an order n for which all the 
equations are independent. 

It will appear that for w ^ 3 the equations of order two are all independent. 
For M = 2 this is not true, but the equations of order three are all independent. 



* ZoBAWSKi, Acta Mathematica, vol. 16 (1892), p. 21. 
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§ 4. Independence of the final equations. 

We shall first show that if the final equations of order /* + 1 are not inde- 
pendent the same is true of the final equations of order fi . 

The final equations of order n + \ are readily seen to be obtained by equat- 
ing to zero the coefficient of the {^L -f 2)th derivatives of the |'s in the expression 

(1) r^+l/=E Z Pi,. UKr t +«ir ^r ) 

(t, *, h, •••, 1^+1 = 1, 2, •••, n; k-^i, h^k'^ ■• - = 1^ = 1^+1). 

If these equations are dependent- there exists a set of multipliers, not all zero, 
such that, if they be applied to the corresponding equations and the results 
added, the coeiBcient of each p is identically zero. But since, in forming the 
equations, we collect the coefficients of the various quantities f^njj...^ ^ , and 
equate them to zero, it follows that if we consider these quantities, not as deriv- 
atives of the w I's, but as undetermined multipliers, then the necessary and suf- 
ficient condition that the final equations of order /t + 1 shall not be all inde- 
pendent is that there shall exist a set of quantities ^riUi---i i +i^^^^ ^^ zero, 
such that they make the expression T^^^if, considered as a polynomial in the 
variables Pmi^i^-.-i i ^^^, vanish identically. That is, there must exist a set of 
quantities ^r\ui---i i +i» not all identically zero, satisfying the equations 

(2) i:(«> I. +«...?. )=o 

{i, k,h, ■■■, 1^+1 = 1, a, ■■■, n; k^i,h^l2^---^lp,^ V+i)- 

Suppose that such a set of multipliers exists. There is, therefore, at least one 
index \, appearing as the last index l^^^ for which the corresponding equations 
are satisfied by multipliers ^r\ih---iu.tu.+i'< ^^^ ^^^ ^ero. The |'s appearing in the 
other equations may or may not vanish. 

Now it amounts merely to a renaming of the aj's if we take x^ as x^ . Hence 
there is a set of equations : 



(3) 






{i,k,l„--,l^:=.l,2,---,n;k^i,l,^l,^-.-^l^), 


satisfied 


by a 


set of 


quantities ?r|«i-,^j, not all of which are zero. But then. 


putting 








(4) 

we have 






V. = I , 


(5) 






n 

(i,k,l„--,l^ = l,2,--,n;kmi,k^k^---^l^). 
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These are, however, precisely the equations which, if satisfied by a set of rf& 
not all zero, give the necessary and sufficient condition that the final equations 
of order /* shall not be all independent. Hence we have the following 

Theorem : If the final equations of order /* + 1 are not all independent, 
the final equations of order fi are not all independent. 

CoBOLLAET : If the final equations of order /* > 1 are not all independent, 
the final equations of order unity are not all independent. 

It may now be shown by means of a device already used for a similar purpose 
by RiCCi, * though in connection with finite rather than infinitesimal transfor- 
mations, that the final equations of order unity are all independent. This device 
consists in substituting for the derivatives, ajj.,,, of the coefficients of the form, 
the well-known three-index symbols 

(6) [•f]-J(.j, + a^-»„) 

of Christoffel. The equations obtained from the final equations of order one 
by means of this change of variables are easily shown to be independent, and 
hence the original equations must have been so. 
The three-index symbols satisfy the relations 

m-m. ^r\j]-m 

Hence there are «*(ra -|- l)/2 distinct symbols, and they can replace the system 
of the «*(« -f l)/2 first derivatives, a^^^,, of the coefficients of the form. 
Putting 



''"ffl 



(8) 

we find that 

(9) Vrf^tttp..±{aJ. + a,X) 

<=1 *=1 1=1 I r=l k i 

becomes 

(10) r,/s ttt ?« i«,X ^ttt tta,^q., 

i=l *=1 1=1 I r=l ik 4=1 i=l r=l « l=X ik 

and hence the final equations of order unity are transformed into 

n 

(11) 5Z«fe-2'« = <^ («, *,r = l, 2, •••,«; ft^t), 

1=1 I 

*Ricci, Annali di Matematioa, ser. 2, vol. 14 (1886), p. 5. 
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These n^(n + l)/2 equations contain n^{n + l)/2 Tariables q^^^ and hence, as 
their determinant is 

«(n+l) 

(12) a"^ + 0, 

they are all independent. We have, then, the following 

Theorems. — (a) The final equations of order unity are all independent. 
Hence (6) The final equations of all orders /*= 1 are all independent. Hence 
(c) The secondary equations of all orders /u. = 1 are all independent. 

It may be noted in passing that the proofs in this section have not depended 
on any properties of the derivatives of the coefficients of the form nor on the 
coefficients themselves, except in that the discriminant a of the form shall not 
vanish. 

§ 6. Determination of an order /i for which all equations are independent. 

We shall now show that if n ^ 3 all the equations of order fi=s2 are inde- 
pendent. We shall also obtain the result of Zorawski, that for n = 2 the 
equations of order /* = 2 are not independent, but that the equations of order 
fi= S are independent. It wiU be found possible, however, to simplify consid- 
erably ZoRAWSKi's proof. 

In this part of the work we can only show that the equations are indepen- 
dent for the general form. They may not be so for special forms. As we are 
seeking, however, the number of functions which are invariant when constructed 
from any form whatever, the dependence-of the equations in the case of special 
ferms is immaterial. 

The method of proof is, as in the foregoing section, that of mathematical induc- 
tion. If the equations of order two are not independent, then, whatever form the 
form 4> may be, there can be found multipliers not all zero, such that when ttey are 
applied to the corresponding equations and the results added, they reduce to 
zero the coefficients of the variables p . We find the equations which these mul- 
tipliers must satisfy. Then, if for any particular form ^ there exist no multi- 
pliers, not identically zero, satisfying these equations, the independence is estab- 
lished. For the hypothesis was that such multipliers, not all zero, exist for 
every form. By the use of a certain particular type of form we are able to show 
that if the equations are not independent for the form in n variables they are 
not independent for the form in w — 1 variables. The reasoning may be applied 
again and again till the form in three variables is reached. We then show 
directly that the equations for the form in three variables are all independent. 
Hence it follows that the equations for the form in n > 3 variables are also in- 
dependent. 
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As in the foregoing section we find that the introduction of new variables 
simplifies the work. We introduce the four-index symbols of Christoffel, 

{\fi, vp) = \ /a,p + a^, - a,, - a\ 

\ fiv \p fip X.V / 

(1) 

and find that we have thereby partly solved the problem of determining the 
form of the invariants. For * ' 

(2) 

r=l * \ jLL V fi 

and this expression does not contain the second and third derivatives of the f's. 
Hence the four-index symbols all satisfy the secondary equations of order two. 
But there are iV^= w^(n^ — 1)/12 independent four-index symbols,t and the sec- 
ondary equations of order two can have at most W independent common solu- 
tions. For the number iV^^ ^^ variables in these equations, all of which are 
independent, is equal to the number of the first and second derivatives of the 
coefficients, a^, of the form ; and the number M^^ of equations is equal to the 
number of second and third derivatives of the quantities f . The difference, 
iV^2 ~ ^2' giv^s the maximum number of independent common solutions of the 
equations. But 

Kp) -^"^na — 4 ' -'"..2 — 6 ' 

therefore 

(4) ^„2 - K2 = -^2 = ^- 

Hence the invariants of order two can contain the first and second derivatives 
of the coefficients a.^ only through the W independent four-index symbols. 
Hence by the introduction of these symbols as new variables,, the system of 
equations determining the invariants of order two is reduced to the system of n^ 
equations obtained by introducing the H independent four-index symbols into 
the n^ primary equations of order two. 

These equations form a complete system. If relations exist among them an 
equal number of relations exist among the original equations. The problem, 
then, is reduced to that of determining the independence of these n^ equations. 



*Cf. Levi-Civita, R. 1st. Veneto, Atti, ser. 7, vol. 5^ (1894), p. 1454. 
t Cheistoffel, Crelle's Journal, vol. 70 (1869), p. 54. 
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The equations are obtained by equating to zero the coefficients of the n? quanti- 
ties I, , , in the expression 

(6) i7-Ei:««|-+z'i:'E'r^.... -^ 



,trfei "^«-, ifel ;S S pti '■^^""■"^(x/^.i'p)' 

Here the accents on the signs X indicate that the summation extends only to 
those values of X, /*, v, p giving the independent symbols. 
Introducing the values of a^, 0k^,v,, already found we have 

(6) + £' £' ±' t'jn^.ti ('-M, "p)?, + (xr, ./>)f, 

A=l n=l .,=1 p=l ^(.'^/'■J »'/';r=l I. X ji 



M P ) 






and we find that, as in the case of the final equations, the condition that the equa- 
tions shall be dependent is the existence of a set of multipliers |^ ^ , , not all zero, 
satisfying the equations 

n 

r=l k % 

n 

- ^A^. .p = E ('•^' "rt I + {^^^ ^P) ^r + (V, rp) ?„ + (V, vr) fj = 

r=l \ t*. V a 

{l,fi, v,p = l,2, •-., ra;/*<A,p<v). 

The quantities f^ , ^ , if they exist, must be such functions of the quantities a^ ^ 
and of the four-index symbols that, if substituted in {^A) and (B) they satisfy these 
equations identically. Thus if, for any single form, arbitrarily chosen save for 
the continuity of the coefficients and the non-vanishing of the discriminant, it 
happens that we find that there exist no w^ quantities f^^ ^ , not all identically zero, 
satisfying these equations, then the equations determining the invariants of order 
two are all independent. 

Consider, then, the special form, 

4>=<^i + dxl (a = l-ai4=0), 

where 

n— 1 «— 1 

•^1 = Z) £ «« (a^i • • • a;„_i) dx^dx^ (« i = I flu ■ • • «»-i «-i I ) , 

Trans. Am. Math. Soo. 6 
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Here ^j is a form in the n — 1 variables aij, • • •, aj„_i, only. It is easily 
seen that for such a special form ^ , 

(7) MsO,(»A,i^) = (r,A,»,*=l,2, •••,«), 

(8) a,„=0 (r + n), 

«„» = !• 

Making use of these relations we find that equations (J.) and (B) can be 
divided into sets as follows : 

I. -a^ =T.\aJr+aJr\ = ^ (i,k = l,2, ...,n-l;k^i). 

»-l 

- iSx^ , ., = T,Hrfi, vp)l + (\r, vp)^^ + (\M, rp)^r + (V, 1^)1,1 

II. r=l (. \ M I. p ) 

(''•./'.''.P = l| 2, •••, n—l;/i>7i,p<iv). 
ni. -a^ =2K*?, + «J„1 = (*=l,2,-..«-l;a™. = l). 

r=l I » * J 

IV. -o.„ =2a„„f„ = («,„ = l + 0). 



V. -/3xM..p = E(V,'^)l„=0 (X,^,.^n_l). 



r=l 



VT. — ^;^|^ ,,^ = (At least two indices, ^, /i, v, ptae equal to «) . 

We note that equations I, II are those which determine the multipliers for the 
equations satisfied by the invariants of order two for a form in « — 1 variables. 

Let us assume now that the equations which determine the invariants of 
order two for the general form in n variables are not all independent. Then 
they are, for the particular form ^, not all independent, whatever form in 
n — 1 variables with non- vanishing discriminant the form ^, may be. 

For such a form <}> there exist, then, rv' quantities, ^^ , , not all zero, satisfy- 
ing equations I • • ■ VI. 

Suppose now that the {n — 1)^ quantities ^^^^(r, s = n — 1) are all identically 
zero. By IV, !„,„ = . Hence not all the 2 (« — 1) quantities 

Sim' ■ ■ ■ » 6n-l , 1 1 n ' Snj 1 1 ' " ' l Sni n-1 ' 

are identically zero. It follows from III that, since a^^ = 1 ^ , and the deter- 
minant of the quantities f^ ^^ is Oj 4= , the quantities ^^^^, • ■ • , f^_j ^^ all vanish 
if the quantities f^^j, • • •, f„,„_i all vanish, and conversely. 
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Hence for the forms under consideration not all the n — 1 quantities |^ ^^ 
(r = 1 , 2 ,•••,» — 1) are identically zero. Bat they must satisfy equations 
y, and in particular, the following n — loi those equations : 

(9) -A^,i„ = fi+S(l/*,l'-)?, = (^=3,3,...,«-l), 

» r=.2 " 

(10) -/8^,^s(23,21)f, + 0^, + g(23,2r)?^=0. 

Let JR be the determinant of this system of equations. Then, since by 
hypothesis not all the quantities |, | ^ are identically zero, we must have 

(11) i? = . 
But 



(12) i2 = (23,21) 



(12,12), (12,13), ..., (12,ln-l) 
(13,12), (13,13), ..., (13,l7»-l) 



(l7i-l,12), (In -1,13), ..., {ln-l,ln-l) 

Now referring to the definition of the four-index symbols we easily see that we 
may take the form of <f>^ so that, at a g^ven point, 

(1/*, Ir) = (Ir, 1/i) = (r+/.), 

(13) 

(1/*,1/.) = 1, (23,21) = 1. 

Then we have, at that point, 

(14) ^=1. 
Hence 

(15) S ^ , 

and we therefore have a contradiction. 

It therefore follows that for all forms for which ^ ^ all the ra — 1 
quantities ^^^^(r = 1, 2, •••,« — 1) vanish identically and hence, by IH and 
IV, all the n quantities |„|^(r= 1, 2, ■ ••, ») must also vanish identically. 
But for all these forms the equations of order two are not all independent. 
Hence not all the (n — 1)^ functions |^ ^^(r, s = n — 1) can be identically zero. 
But these quantities satisfy equations I and II ; and we have therefore the 
result : 

If the equations determining the invariants of order two are, for aU forms in 
n variables, not independent, then there exist, for all forms in n — 1 variables 
which satisfy the relations 

(16) i? + 0, a, + 0. 
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(n — iy quantities f^ ,,(»•, s = n — l)ynot all identically zero, satisfying equa- 
tions I and II. 

Now the condition that equations I and II shall admit a set of solutions ^^ , , , 
not all identically zero, is the vanishing of a certain number, p , of determinants 
formed from the matrix of their coefficients. The elements of these determin- 
ants are either coefficients a.^(i, k=l, 2 , • • •, w — 1) of the form <f), or four- 
index symbols {\fi,vp), (X, /t, v, p = n — l). Moreover the condition is that 
all the p determinants vanish. They vanish for all values of the arguments a^^ , 
(\/*, vp), which make 

(17) i? + 0, flj+O, 

and they are polynomials in those arguments. Let i} be the number of argu- 
ments; €, the highest degree to which any argument appears. Then we can 
certainly find, in the neighborhood of these values of the arguments which make 

(18) «, + 0, J?=0, 

€ + 1 values of each of the rj arguments such that, for any combination of these 
values, 

(19) «i + 0, ^ + 0. 

But for each of these combinations of the arguments there exist mutipliers |, ^ , 
satisfying I and II and not all zero. Hence the p determinants in question 
vanish. But then, by a well-known theorem concerning polynomials, they vanish 
identically and hence, in particular, they vanish when H = 0. Hence the sys- 
tem of equations I and II admits a set of solutions, not all of which are zero, 
whether the form makes ^ = or not. Hence the equations for the invari- 
ants of the second order for the form </)j are not all independent. 

We have, therefore, the following 

Theorem. — j^ the equations of order two are dependent for every Jbrm in 
n variables, they are dependent for every form in n — 1 variables. 

Corollary. — Jf the equations of order two are dependent Jhr every form 
in n^ 3 variables, they are dependent for every form in three vanables. 

We shall now show that for the form in three variables the equations of order 
two are independent. 

There are, in this case, six independent four-index symbols : 

(20) 5„ = (23,23), 5„=(23,31), 5,3 = (23, 12), 

5^ = (31, 31), 5,, = (31, 12), 

533=(12,12). 

To make the work more symmetrical we introduce, in place of the coefficients 
a,.j, the quantities, A^J^, obtained by dividing by a the co-factors of the elements 
a^j in a ; and, in place of the four-index symbols B.^^ , the quantities C^^ = B^^ja . 
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If we put 

(21) 

the equations of order two become : 

2A,,F,, + A,,P,, + A^P,, + 2 G,,0,, + C^O,, + G^O^ = 0, 

2^3,P„ + A. A. + ^33^3 + 2 (73,0„ + C3,0,, + ^330.3 = ' 

^„P,, + 2^,,P,, + A3P^ + C„O., + 2C,,O,, + C.3O^=0, 

(22) ^,,P,, + 2^,,P^ + A^P^ + (7,,0., + 2 a,,0,, + (7,30,3 = , 

Al ^2 + 2^32-f*22 + ^33-^23 + ^31^12 + 2 0'32 O,, + C33 0,3 = , 

^n As + -I12 A3 + 2^.3^33 + <^nCi3 + G,fi^ + 20,3033 = 0, 

^21 As + ^22 As +2^23 As + ^21 ^13 + ^22 ^23 + 2 O^j O33 = , 
Al As + A2 As + 2^33^33 + <^SlO,3 + ^32^23 + 2O33O33 = . 

The following determinant, formed from the first six and last three columns of 
the matrix of the system, does not vanish identically : 



(23) 



= 32 



(24) 



2^n 


^.2 


^.3 











c 









2^2: 


^22 


^23 





c 


) 







2^3. 


A2 


-^33 
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1 










^„ 


2^., 


^X3 


20, 0,3 










\, 


2^„ 


-^23 


20„ 0,3 










^3. 


2^3, 


^33 


2O3, O33 













^„ 


^X2 


2^,3 


X2 


2<:?,3 










-42, 


^22 


2^,3 


r 
22 


2C,3 










K 


-^32 


2^33 


i 
32 


2^33 




^n 


K 


^13 


■ Ax 


-^22 -^23 


^3x c;. 


C33 






^2: 


^22 


^23 • 


<^.x 


^22 


^23 


^2X ^22 


^23 






^3: 


A2 


^33 


. ^sx 


C32 


f^ss 


^3X ^32 


^33 












— 


^3t -^32 ^33 


<^2 


. G 


22 ^''23 










'^2X ^22 ^23 


^2 


. A 


22 -^23 












^s: 


^32 ^33 


^3 


X A 


S2 "^33 
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The equations of order two are, therefore, for the form in three variables, 
independent* 

From this we have, as a consequence, the 

Theobem. — The equations of order two are all independent for the genercd 
form w n = 3 variables. 

Consequently, from this and the lemma of § 3 we have the 

Theobem. — For the general form in n=Z variables all the equations of 
order fi=2 are independent. 

Consider now the binary forms. Put 

Z ^(12,12), 
^25^ Z, s (12 , 121) s ^^^^ - (12 , 12) j a^a,, - U,,a,, + a,,a^ j , 

Z, ^ (12 , 122) s ^-^^^^ - (12 , 12) j a^a,, - 2a,,a,, + a,,a„ 

CWj I i 2 2 

-^ -^ -?L 
? = dz' ^1 = dz^' ^^ ~ ?z^ 

Then the equations of order two become 

2a„;j,i+a„;>,2 +2^5^ = 0, 

(26) 

«2li'l2+^«22;'22+2'^5'=0. 



* Since the equations in twelve yariables, which give the invariants of order two for the tern- 
ary form, are all independent, they have three common solntions, the three invariant« of order 
two of the ternary form. Christoffkl pointed out that these may be obtained as algebraic 
simultaneous invariants of two quadratic forms (Chbistoffel, Crelle's Journal, vol. 70 
(1869), p. 65), and Souvaboff (Bulletin des Sciences Math^matiqnes et Astron- 
omiqnes, vol. 4 (1873), p. 180) gave them in notation differing but slightly from that here 
osed. The invariants are 

^^ ^ { |<7„.d„^„| + M„g,AI + Mu^Mg»3l } , 
^^ ^ { I J„ (7« (7„| + I P„ ^„ G, ,\ + 1 Pn C„A„\ } ^ 



■e,= 



lAi-^n-^asI 
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The determinant of these equations is 






2«ii «i2 


2Z 




(27) 


■2«. a. 
a„ 2a,, 






= 0. 




a,, 2a^ 


2Z 
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Hence the equations are dependent. But as the discriminant does not vanish, 
not all third order minors of this determinant can vanish, and hence the eqiia^ 
tions can satisfy but one linear relation. 
The equations of order three are 



(28) 



2«ui'n + «i2^i2 + 2Zj + SZ,q, + 2Z,q, = 0, 

2a«i'll + 022i'l2 + ^2?l -=0, 

<^nPn + 2«,2^22 + 2^? + 2Z,y, + 2Z,q, = 0. 
The following determinant of the matrix does not identically vanish : 



= 2Z(a,,Zl-a^Zl). 



Hence the equations are all independent. 

We have therefore the following 

Theorem. — ^ n = 3, (1 = 2, or n= 2,/i = 3, the equations determining the 
invariants of order fi are, for the general quadratic differential form in n 
variables, independent, and hence the number of such invariants is given by 
the excess of the number of the variables p in these equations, over the number 
of the equations themselves. 

§ 6. Equations of orders zero and unity. 
The equations of order zero may be written 



«12 


2Z 


%Z, 


2^. 


«22 





^2 





«n 








»i 


«21 


2Z 


2Z, 


3^, 



(1) 

where 



A=l 

«a=0, if *4=X.; €« = 1. 



(r, t = l,2, •••,«), 
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There are r? of these equations. They contain n{n ■\- 1)/2 variables 'p^^ . It 
can readily be shown, by taking the n equations characterized by the index 
i = 1 , n — \ equations characterized by i = 2 , and so on, and finally, by tak- 
ing one equation characterized by i = n, that we can form a set oi n(n + l)/2 
equations whose determinant does not vanish. This selection is made possible 
by the fact that since a ^ not all the minors formed from any k columns 
can vanish identically. Hence we have the 

Theorem. — The equations of order zero include as many independent equa- 
tions as they have variables, and consequently have no common solutions. 

In passing to the equations of order unity, n^{n + l)/2 new variables and 
the same number of equations, are added. The equations added are the final 
equations of order unity, and are, as we have seen, all independent. Hence, by 
the same reasoning as that of § 3, the system of n^ + »^ (n -f l)/2 equations in 

^(^ + 1) , ^\^ + 1) _ T^ 

variables contains N^^ independent equations. We have, then, the 

Theorem : The equations of order unity include as many independent 

equations as they have variables and hence have no common solutions. 

This is, of course, EiCCl's result, but it is obtained in a wholly different way. 

§ 7. Number of invariants. 

The number of variables, N^^ , in the equations of order /t is the number of 
the quantities a,.j and of their derivatives of all orders not exceeding (i . The 
number of equations, M^^ , is the number of derivatives of the quantities ^^ of 
all orders not exceeding /* + 1. 

We have * 
n\ AT ri{n + l){n + ^)\ 

^^ ^^"''~ 2 /*!«!' 



(2) ^-=^{^ 



(n+jt + 1)! 



(M + l)! 
The difference, 



rS) J ^N -M -n+ f (^-l)(M-l)-2 ] _{n + ^)\ 

is, if the equations of order /i are all independent, the number of invariants of 
order not greater than /j, . 



*Ct. Levi-Civita, E. 1st. Veneto, Atti, ser. 7, vol. 5, (1894), p. 1466-8. 
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If the equations of order /:* — 1 are also independent there are «4,;^_i invar- 
iants of order not greater than /^t — 1 . Hence there are 

,.. T - T T - M-1 (n + M-1)! 

invariants of order /a . 

Since neither the equations of order zero nor those of order unity have any 
common solutions, and since the equations of order two are, if n > 2 , all inde- 
pendent, there are 

(n-2)(n-l)>i(n+ 3) 

invariants of order two. 

Since for the binary form there are 

(6) J^ = 2 

invariants of order not higher than three and since the four equations of order 
two contain four variables and include but three independent equations, one of 
these invariants is of order two and one of order three. For all other values 
of n and [x, the equations of order jn — 1 as well as those of order /* are all in- 
dependent and hence there are I^^ invariants. 

We have, then, the following 

Theorem : The number of invariants of order (i for the general quadratic 
form in n variables is 

T — /* — 1 {n + n—iy. 
"''"'' 2 (n-2)! (^.f 1)! 

provided n>2,/t>2,orra = 2,/t>3. 

If n = i and /* = 2 or /i = 3 , there is one invariant. 
If n'^2 and /t = 2 , there are 

(ra-2)(re-l)w(n-t-3) 

invariants. 

Iffji,=zOorfi = l, there are no invariants. 



§ 8. Simultaneous invariants. 

In studying those quadratic differential forms <^ , in n variables, which can be 
expressed as the sum of w + 1 differential squares, it is found that to the form <f) 
a second form yjr , also in n variables, can be adjoined, and the theory of the 
simultaneous invariants of these two forms is important in the study of the geo- 
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metric interpretation of <^ as the squared linear element of an n-dimensional 
surface in a euqlidean space of n -f 1 dimensions. For n = 2, ^ and ■^ are the 
first and second fundamental forms of a surface, and the simultaneous invariant 
Jff, of order zero, is the mean curvature. 

The invariants of order two of a ternary quadratic differential form can be 
expressed as the simultaneous invariants of order zero of two such forms. 

The simultaneous invariants of two or more quadratic differential forms may 
be found by extending the group to the coefficients of those forms and to their 
derivatives. The equations determining the invariants may be obtained from 
those for a single form by annexing to them a set of terms constructed for each 
additional form in the same way as the terms already found for a single form. 
It is evident that if the equations are, for a single form, independent, they will 
be so for several forms. 

From m forms we obtain then miV^^ variables and M„^ equations. Hence if 
the equations are, for a single form, all independent there will be 

(1) mN„^-M^^ 
invariants of order n or lower. But of these 

(2) m(iV„,-J!f„,) 

are invariants of the m separate forms. There remain 

(3) S^„^^{m-1)M„^ 

true simultaneous invariants of the m forms. If the same conditions hold for 
the order /x — 1 there will.be 

(4) Im»^ = /S^n^ - Kn^-1 = (»» - 1) (M„^ - M„^_,) 

^ ^(„_1)!(;* + 1)! 

true simultaneous invariants of order /* for the m forms. If wi = 2 , 

^' ^^''~(w-l)!(^ + l)!- 

Hence the (m — 1) i^„^ = I^^^ true simultaneous invariants of m points may be 
taken as invariants of the ni — 1 pairs of forms obtained by associating every 
given form with the remaining m — 1 in succession. 

When the number of forms is greater than unity, invariants of order zero and 
unity also exist. 

A detailed consideration of the special cases leads us to the following 
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Theorem : The number of true simultaneous invariants of order zero is, for 
m forms. 



n 



jn + l) 



m n — — " • 

Ifn=2 and (i =S, or (i = 2 and w > 2 , the number of true simultaneous 
invariants of order fi is, for m forms, 

(^ W ^("+/*)! , mn{n-\) 

y'^-^){fi^\)\{n-\)\'^ 2 

Fw all other values of n and fi the number of true simultaneous invariants 
of order /* is 

n{n + fi)\ 



^.n. = (™-l) 



(/i+ 1)1(71-1)!' 



and the invariants can be taken as invariants of pairs of forms. 

Hakvaed Univebsity, 
Jane 1, 1901. 



